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Pong du s6 hoc 1a mot chii dé ¢d dién nhung van luon 4n chita nhiéu két qua
dep dé va siu sic, thu hiit nghién ctiu ctia cdc nha toan hoc. Tinh chit dong
du ctia hé s nhi thifc 12 mot trong s6 d6. Khdi dau tif phat bi€u clia nha todn
hoc ngudi Piic Ernst Kummer trong bai bdo "Uber die Erginzungssditze zu
den allgemeinen Reciprocititsgesetzen” cong bd nim 1852, ngudi ta bit
dau quan tAm dén dong du theo modulo nguyén t6 ctia hé s6 nhi thiic, va y
nghia ctia né theo biéu dién trong co s6 nguyén td d6. Néu nhu phat biéu
ctia Kummer nghe con tuong ddi mo hd thi dén nim 1878, nha toan hoc
Phap Edouard Lucas trong serie bai bao ding trén American Journal of
Mathematics, Théorie des Fonctions Numériques Simplement Périodiques,
da phat biéu mot cach tudng minh cho mdi lién hé dong du theo modulo
nguyén td ctia hé s6 nhi thiic véi tich cac hé s6 nhi thiic tao thanh tif cac chit
s6 trong biéu dién cla cac thanh phan trong hé s6 nhi thiic theo co s6 cla
chinh sd nguyén t Ay.

Khong chi diing lai & viéc 1a mot phat bi€u tudng minh, két qua cia
Lucas con l1am tién dé va tao cdm hing cho nhiing mé rong dau tién cia
Anton (1969), Stickelberger (1890) va Hensel (1902). Van dua trén biéu
dién ciia c4c thanh phan trong hé s6 nhi thiic theo co sd nguyén t6, ho xem
xét tinh chat dong du theo cd s6 nguyén td ctia hé s6 nhi thifc sau khi chia
cho lily thita bac cao nhit ctia s6 nguyén t6 chia hét né. Day 13 mot két
qua dic sic, nhung trong sudt hon 112 nim tif sau Pinh ly Lucas, khong c6
thém mot md rong nao nita, cho t6i khi Granville nAng modulo tif s6 nguyén
t6 thanh liy thira cia no.

Mot huéng mS rong khac ctia Dinh ly Lucas d6 1a loai bd biéu dién
theo co sd nguyén td ma lién két truc tiép sb nguyén t6, cac sb thanh phan

trong hé s6 nhi thifc va bac liiy thita cao nhét chia hét hé s6 nhi thiic ctia



s6 nguyén tb d6. Bat dau tir két qua cia Charles Babbage (1819) - mot md
rong 1€n liy thtta bac hai cho mdt hé qua dac biét cua Pinh ly Lucas - sau
d6 Joseph Wolstenholme da mé rong chinh két qua nay 1én bac ba. Pudc
gdi y tif nhitng két qua nay, Ljunggren (1949) da ching minh mot két qua
kiéu Lucas, rang hé sd nhi thic ctia hai boi cia mot sd nguyén tb sé dong
du v6i chinh hé sb nhi thiic gdm hai thanh phan thu dugc sau khi chia céc
bdi cho s6 nguyén td kia, theo modulo lily thita bic ba ctia s6 nguyén td do.
Két qua cubi cling ciia E. Jacobsthal mé rong chinh két qua ctia Ljunggren

1€n luy thua bac cao hon.

Luan vin c6 cAu triic nhu sau: M3 dau, ba chuong, Két luan va Tai liéu
tham khao

Chuong 1: Dinh Iy Kummer va Dinh Iy Lucas

Chuong nay phat bi€u va chiing minh hai dinh Iy trén, kém theo céc hé
qua, chiing minh ctia chiing va mot s6 bai tap ting dung.

Chuong 2: Hé s6 nhi thitc modulo lity thita nguyén té

Chuong nay trinh bay hai md rong cua Dinh ly Wilson, mdt md rong
ctia Pinh ly Lucas va cubi cung 12 két qua ctia Granville vé hé s6 nhi thic
modulo liiy thita nguyén t6.

Chuong 3: Dinh ly Wolstenholme

Trinh bay cac két qua vé dong du ctia hé s6 nhi thic v6i thanh phan
nguyén t6 modulo liiy thira nguyén td, tit két qua ctia Charles Babbage, t6i

binh ly Wolstenholme va mé rong cua n6 1a Pinh ly Ljunggren.

Luan van nay dudc thuc hién va hoan thanh vao thang 6 nam 2016 tai
truong Pai hoc Khoa hoc- Pai hoc Thai Nguyén. Qua day, tac gia xin bay
t6 1ong biét on sau sac t6i TS Nguyén Duy Tén, ngudi da tan tinh huéng din
trong sudt qud trinh 1am viéc d€ hoan thanh luan vin nay. Tic gia xin gui
16i cAm on chan thanh dén Khoa Todn, Trudng Pai hoc Khoa hoc- Pai hoc
Thai Nguyén, di tao moi diéu kién d€ gitip tdc gia hoc tip va hoan thanh
ludn van ciing nhu chuong trinh thac si.Tac gia ciing xin gui 161 cam on t6i
tap thé 16p cao hoc YB, khéa 06/2014 - 06/2016 da dong vién gitip dd tac

gia trong qud trinh hoc tip va hoan thanh luin vin nay.Pdng thdi tic gia



xin gti 18i cdm on t6i S GD-PT tinh Yén Bai, Ban gidm hiéu va cic dong
nghiép tai trusng THPT Son Thinh da tao diéu kién cho tic gia trong sudt
qua trinh hoc tap va hoan thanh luan van.

Tadc gia

Buii Thi Thity



Chuong 1

Dinh ly Kummer va Dinh ly Lucas

Trong chuong nay chung ta s€ gi6i thi€u DPinh Iy Kummer va Pinh ly Lucas,
cac phép chiing minh cling v6i cdc vi du minh hoa va mdt sb bai tap tng

dung cua hai dinh ly.

1.1 PDinh ly Kummer

Nim 1852, nha toan hoc Diic Ernst Kummer trong bai bao "Uber die Ergiinzungssiitze

zu den allgemeinen Reciprocitiitsgesetzen" da chi ra ring

Dinh ly 1.1.1 (Kummer). Cho p la mot s6 nguyén té, m < n la hai sé tu
nhién. Khi do, sé tu nhién k 16n nhdt sao cho p* la wdc ciia hé sé nhi thiic
(") la s6 cdc lan nhd khi cong m va n—m theo co sé p.

Goi |x] 1a phan nguyén cta so thuc x.

Cho p 12 s6 nguyén t6. Ta ky hi€u v, (n) cho sb mi cta liy thita cao nhat
cla p chia hét n, 6,(n) 1a tong cic chit s6 ctia n khi viét theo ¢ sd p.

B6 dé 1.1.2 (Legendre). Cho n > 1 la sé tw nhién va p la sé nguyén t6. Khi

do o, ()
o NI 0)

i>1 p p
Chitng minh. Vi n! 1a tich tat ca cac s6 tu nhién tir 1 dén n nén v6i mdi boi
2 ~ A LN A A N A N A 2 2 n
cla p trong cac so tir 1 dén n ta dugc mot thira sO p va do vy c¢6 dung | —|.
p

Tuong tu, tif mdi bdi cia p?, ta c6 thém L—ZJ thita s6 p... Do d6 lily thira
p

cao nhit cta p chia hét n! sé bang Yi>1 L j



Gidsin=ng+n;p+...+np' 1a biéu dién cia n theo co s6 p. Khi d6

ta co

1

n
-J) Y (mp '+ +nipp+m)
i=1

vp(n!) =

v
M- —
3|

f L -
:Z nij*l:Z nip’
i=1 j=i =1i=1
:Xt:njpj_l _y a2l
= -l 5 "p-1
1 ¢ : n—op(n)
I A = -

Chitng minh Pinh 1y Kummer. Gia st rang n = m~+r. Ta viét ba s6 nay theo
cosb p:n=ng+nip+---+np', tuong tu cho m va r . Dit gi=1 néu khi
cong m va r theo ¢d sb p ¢6 nhé & chit s6 thi j, va €; = 0 néu khong ¢
nhd. Dé thy ring ny = mo+ro— p€y van; = m;+r;+ €| — p&; véi mbi
j=>1

Khi do6, theo cong thiic trén ta ¢

o (1)) = ol = vyt =)

n—0p(n) m—o,(m) r—op(r)

p—1 p—1 p—1
_ 0p(m) +0,(r) — 0,(n) _ Zt: mj+rj—n;
p—1 j:O p—1
e+ Y 1p8] Z
— P )

chinh 12 s6 cac phép nhé khi cong m va n —m theo cd s6 p. Chiing minh
hoan tét. ]

Vidu 1.1.3. Liy n = 32, m = 18. Biéu dién theo cd s p = 5tacé

32 = 1125, 18 =335, 14 = 245

Dé thiy ring phép cong 335 -+ 245 c6 hai 1an nhd.



Mit khic (33) = 471435600 = 5%.18877424, do vay v,, ((fﬁ)) =2, ciing

chinh bing s6 1an nhé & trén.

1.1.1 Hé qui

Dudi day 12 mot s6 hé qua ctia Pinh Iy Kummer.

Heé qua 1.1.4. Véi n la mét s6 nguyén duong, khi do ('IZ) =0 (modn) néu
va chi véi moi udc nguyén té p la mot wdc nguyén té ciia n ma vp(n) =a,
thi phép triv n — k theo co s6 p can it nhdt a phép muon.

Chiing minh. Chu y rang (}) =0 (modn) khi va chi khi (}) =0 (mod p*),
v6i moi udc nguyén tb p ciia n v6i v, (n) = a. Theo Dinh ly Kummer, (}) =
0(mod p%) khi va chi khi phép trli n cho k trong cd sd p can it nhit a phép
muon. []
Hé qua 1.1.5. Néu m,n,k la cdc sé nguyén duong théa man gcd(n, k) = 1
thi (") =0 (modn).

Chitng minh. Gié st p 1a mdt u6c nguyén t0 bt ky clia n v6i v (n) = a. Ta
viétk =ko+kip+...+kp' trong cosb p. Vi ged(n, k) = 1 nén ko # 0. Chu
y rang mn = mn' p® v6i sd nguyén n’ nao d6. Do d6 phép trit mn cho k theo
c6 sO p phai ¢6 it nhét 1a a phép nh6. Theo Dinh ly Kummer ta ¢6 (") =
0 (mod p?). Vi p la uSc nguyén t6 bat ky ctia nnén (") =0 (modn). [

1.2 Pinh ly Lucas

Nim 1878, Lucas da dwa ra mot phuong phap d€ tinh () (mod p). Pinh Iy
Lucas phét biéu nhu sau

Dinh ly 1.2.1. Cho m,n la hai s6 ty nhién, p la mét sé nguyén to. Gid sit

m,n c6 biéu dién theo co s6 p dudi dang
m=my+mp+---+mgp’, n=no+nmp+---+np’

voi 0 < mj;,n; < p—1, khi do



Ta sé€ ching minh dinh ly nay. Trudc tién ta c6 dinh nghia sau.

Pinh nghia 1.2.2. Cho da thic f(X) =ap+ a1 X + -+ a,X" € Z[X]. Ta
viét £(X) = 0(mod p) néu a; = 0(mod p) véi moi i = 1,...,n. V6i hai da
thic f(X) va g(X) trong Z[X], ta viét f(X) = g(X)(modp) néu f(X) —
g(X) =0(mod p).

B§ dé 1.2.3. Vii i > 0, ta cd (1+X)P = 14+ X7 (mod p).
Chitng minh. Ta chiing minh bang quy nap theo i. Véi i = 0 thi khang dinh
12 hién nhién. Gia sit khang dinh da ding véi i > 0. Ta c6
i i\ P
1+x)"" = (1 +XP ) (mod p)
P p i i+1
=1+ < )ka—i—Xp (mod p)
=1 +Xpi+1(m0dp),

vitacé p| (§) véimoik=1,...,p—1. O
Chiing minh Dinh ly Lucas. Ta c6

N

Zn: <n>X’" =(1+x)"=]] ((1 +X)pi)ni

m=0 \M i=0

pg0 1 8, () s

i=0 mi:0

~1
“11( % (””)X’”ﬂ”'
i=0 \m;=0 m;

[]

Pong nhit hé s & hai vé ta dudc ( ) =11, (”") (mod p).

m m;
Vidul.2.4. V6in=57,m=32,p=5,tac6n=57=2125, m =32 =1125.
Dé thiy (3]) = 9929472283517787 = 2 (modS5), con (}) (1) () =2 =

2 (mod5),dods (3) = (3)(})(3) (modS5).



